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Rocking incremental dynamic analysis
C. G. Lachanas,’” D. Vamvatsikos®

1School of Civil Engineering, National Technical University of Athens, Athens, Greece.

Summary

The seismic response assessment of rocking systems via Incremental Dynamic Analysis (IDA) is investigated, focusing
on the issues that arise in the analysis and postprocessing stages. Rocking IDA curves generally differ from those of
hysteretic structural systems due to (i) the frequent appearance of resurrections, (ii) their highly weaving non-monotonic
behavior, and (iii) their overall high variability. Hence, including or ignoring analysis results above the first
resurrection level, deriving statistics given a response level versus an intensity measure level, as well as selecting an
adequate number of ground motion records and runs per record, become challenging issues with non-trivial impact on
the probabilistic characterization of rocking response. This necessitates a fresh view on analysis choices and post-
processing techniques, aiming to assure the accuracy and fidelity of rocking IDA results. As an example, the effect of
different choices and techniques are showcased on two-dimensional rigid blocks that are assumed to represent simplified
models of monolithic ancient columns of different slenderness.
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1 INTRODUCTION

Assessing the rocking response of freestanding rigid blocks via Incremental Dynamic Analysis (IDA, [1, 2]) is the
focus of our work. Numerous ancient monuments comprise rigid unanchored blocks and columns that undergo
rocking response during an earthquake. Contemporary literature and practice abound with concepts on employing
rocking as a seismic protection mechanism for bridge piers [e.g., 3], walls [e.g., 4] or pedestal structures [e.g., 5].
Starting from Housner in 1963 [6] who proposed the equation of motion for a rigid rocking block (Figure 1a),
numerous studies [7-18] have investigated the effect of block and ground motion characteristics on the full range
of rocking response. Others have assessed the response of rocking non-structural components [19-20], while
testing campaigns [19, 21] have explored the validity of analytical solutions. In other words, focusing on rocking
is self-explanatory; staying with IDA may not be as simple to explain apart from a certain affinity of the second
author.

IDA is a method for assessing the performance of structures via nonlinear response history analysis. Based on the
gradual scaling of a single suite of ground motions, it covers the full behavior range of a structural system, from
the non-damaging response at low intensity levels, to its failure (local or global collapse) at the higher ones. The
results appear as continuous IDA curves of intensity measure (IM) versus engineering demand parameter (EDP)
values. It has served as a computational tool for numerous studies and guidelines regarding the seismic response,
as well as the vulnerability and loss assessment of engineering structures [e.g., 22—24]. It does not stand alone in
this field, as alternative assessment methods are available in the literature, each representing a different way of
running and postprocessing nonlinear response history analyses. Multi Stripe Analysis (MSA) [25] employs one
or more suites of records at given levels of intensity, forming characteristic stripes of results in the IM-EDP plane.
In Cloud Analysis [26], one or more uniformly scaled or fully unscaled suites of ground motions are used to
conduct the assessment, appearing as distinct IM-EDP clouds.

While at their inception all three methods could be said to be competing neck to neck, the game changer was the
introduction of record selection [27-30]. This high-end technique introduces site-specific hazard consistency to
the ground motion set employed for analysis, imparting increased fidelity to the assessment results. As hazard
consistency typically needs to be addressed anew at each IM level, MSA (primarily) and multiple Cloud Analysis
(secondarily) can better take advantage of record selection. IDA, by virtue of using a single record suite at all
intensity levels is disadvantaged. Still, optimal selection at a single high-intensity level or a combination of
multiple levels can enforce at least partial hazard consistency [30] where it matters. Coupled with highly efficient
intensity measures [31-34], it can be argued that IDA remains relevant in its third decade of life, offering a simple
approach for comprehensive probabilistic treatment of seismic performance.
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Nevertheless, rocking systems present new challenges to the application of all pertinent approaches and IDA in
particular. For example, even before Vamvatsikos and Cornell [1], Psycharis et al. [35] showed the difficulty in
capturing the seismic response of multi-drum ancient columns under scaled ground motions. Figure 1b captures a
typical rocking IDA curve of a rigid rectangular block for an ordinary (no-pulse-like, no-long-duration) record
following Housner’s simplified model [6]. The scaling of the record was made on a constant step of 0.01 g for the
IM, herein the Peak Ground Acceleration (PGA), while the peak rocking angle normalized by the block
slenderness, 8 = 0,,,,,/a, was employed as the EDP. As shown, the high nonlinearity of the rocking motion results
into weaving [1] behavior of the IDA curve, while instances of overturning collapse at a given IM level followed
by non-overturning behavior at a higher IM, so-called “resurrections” [1], are a relatively frequent phenomenon.
This behavior is atypical for hysteretic IDAs and nearly always discounted [1, 2]; for rocking it is the norm, and it
bears consequences. Actually, it is noted from the very start that employing a spline fit of individual IM-EDP
points per Vamvatsikos and Cornell [2] becomes a dangerous proposition for rocking IDA curves. Given the
weaving behavior, splines may prove to be too rigid to fit the rapidly changing curves, leading to biased results.
Therefore, in all discussions to follow, a piecewise linear fit is universally applied to span discrete points. This is
also the general recommendation for all practical purposes, unless one is prepared to expend hundreds or thousands
of response history analyses.

Such findings indicate that the analysis choices and the post-processing techniques for IDA need to be revisited
for the case of rocking blocks to ensure the fidelity and efficiency of the results. Aiming to provide such an outlook,
the issues that arise when employing IDA to rocking blocks are presented and discussed in detail, offering efficient
techniques for post-processing the results of nonlinear response history analyses to achieve reliable probabilistic
characterization. Although all examples presented pertain to planar rocking blocks, the techniques and approaches
discussed are general and deemed to be applicable to all rocking systems, or furthermore to all systems with highly
weaving behavior and/or encumbered by resurrections.
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Figure 1. a) Planar rocking block on a rigid base. b) Typical IDA curve of a rocking block for a single ground

motion.

2 IDA RUNNING AND POST-PROCESSING OPTIONS

Herein, we present the issues that differentiate the application of IDA to rocking systems versus hysteretic ones,
focusing on techniques to overcome them. All example results shown are taken from the analysis of a typical
rectangular rigid block with base width (2b) of 1.33 m and height (2h) of 12.00 m using ordinary ground motions
and following the idealization of Housner [6].

2.1 To resurrect or not to resurrect?

There is nothing unnatural with a structural system exceeding its global collapse capacity at a given IM level,
while surviving the same excitation at higher scaling. This behavior has been observed in several occasions in the
literature, and it gained visibility in the context of IDA as an uncommon occurrence for some hysteretic systems.
In such cases, the rare appearances of structural resurrection are heavily dependent on the details of the model and
analysis approach and they typically only slightly precede the appearance of a final no-return flatline, making it
natural (and algorithmically simpler) to discard any stable response at IMs higher than the first sign of dynamic



instability. Neglecting resurrection becomes a whole different proposition when rocking response is investigated
via IDA, since multiple resurrections are the norm, rather than the exception.

Rocking motion is strongly dependent on the characteristics of the timehistory waveform, regardless of whether
one considers single pulses or entire records of ground motion [6-18]. Still, the pulse trains present in the latter
make for a richer excitation, where minor details in the timing and amplitude of successive pulses can easily
increase or decrease the response from one scaling level to another for the same waveform. This also holds for
hysteretic systems, but it is of significantly lower magnitude thanks to the dampening effect of hysteresis. As
Figure 1b shows, this is certainly not the case for rocking IDA curves, where extreme weaving behavior is often
observed. This behavior persists throughout the entire range of response, from onset of rocking up to (and beyond)
nominal overturning, the latter taken as the point where the peak rocking angle, 8,,,,, exceeds the block
slenderness, a, for the first time. Thus, whenever this weaving pattern approaches the 6,,,, = a threshold (Figure
2), the rightmost parts of the weaves become collapses and the leftmost parts remain of stable response, creating
a succession of overturning and non-overturning IM-levels. Sometimes these weaves are tight, leading to closely-
spaced “dense” alternations of overturning and stable regions (Figure 2a), while in other cases they are broad,
causing “sparse” resurrections separated by long continuous areas of instability (Figure 2b).

In general, the inclusion of resurrections into one’s calculations will increase the maximum IM level that can still
produce finite/stable EDP response, clearly affecting the resulting distributions. Thus, including them or not is a
choice that is best left to the analyst. First of all, by nature, resurrections tend to appear at high IM and EDP levels.
Thus, it is fundamental to understand the mechanics of the system involved and the fidelity of the idealized model
at high response levels. At such large levels of IM and EDP, the islands of stability appearing after a resurrection
are typically associated with fairly violent impacts and toe-crushing stresses that may be admissible for a small
rigid block, but not for a sizeable structure or structural element of engineering significance. Then, for example,
the simple rigid rocking block model may become unrealistic. Most systems of engineering significance (as well
as their supporting base or foundation) will experience permanent toe or base deformation well before nominal
overturning. In many ways, the mechanism of resurrection depends on the system remaining intact at high IM
excitation. Neglecting such deterioration mechanisms is conducive to resurrections, but not necessarily physically
realistic. Thus, one should ensure that the model can be trusted before embarking on further resurrection
investigations.

In such cases, additional guidance may be offered by the damageability of the structure or component studied. For
systems whose damage is associated solely with overturning, as is the case of non-fragile solid blocks, well-
designed panel switches, etc., including resurrections may be a one-way street. In such cases, one should not
terminate the IDA curves at the nominal overturning point, but instead employ an upper limit of a physically
realizable 1M, optimally informed by site-specific hazard information. On the contrary, systems that can sustain
damage from rocking impact accelerations, such as museum artefacts, liquid-storage tanks, electromechanical
equipment, or cloud servers, will only be negligibly affected by resurrections; the frequent damages produced by
low IMs will tend to dominate any loss estimates in the same way that they do for most hysteretic structures. Then,
stopping the IDASs at the appearance of first overturning should be adequate for all practical purposes.
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Figure 2. Typical IDA curves of a rocking block under single ground motions.
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2.2 IDA functional inversion

An IDA curve, by nature and definition, is expressed as a function of the IM, EDP = f(IM), since each nonlinear
response history analysis run is performed at a given value of the IM and produces a single value of the EDP of
interest. Although the f(IM), or “given IM” form is sufficient for all practical purposes, an inverted “given EDP”
form of IM = f~1(EDP) is advantageous for multiple applications that are characteristic of IDA. They all entail
the characterization of the IM given EDP (IM|EDP) distribution [1] and can range from response-specific IM
efficiency/sufficiency assessment [33] to the direct estimation of fragility curves [36]. Unfortunately, this inversion
of the IDA curve is subject to the whims of weaving behavior. Figure 3a presents a typical example. On a given
IM basis there is always one possible EDP value for each discrete value of the IM. On the other hand, for a given
EDP underneath a weave, multiple possible IM values will appear along the vertical. Then, a mathematically
correct definition of £~ is not possible, as it should always return only a single IM output. What we instead seek
is a convenient functional proxy that can serve the role of f~1. This should closely follow the trends displayed by
f, capturing the “average behavior” of the smoothened weaves, in turn producing IM|EDP distributions that match
the results of EDP given IM (EDP|IM) ones in terms of fragility. To do so, one should choose where to optimally
place this single IM output of £~1. In terms of the example of Figure 3b, the range of such possible choices is any
IM value between the first and the last of the three (or multiple in general) intersections. When the weavings are
relatively rare, alike most hysteretic systems, this is a simple matter as all choices lead to practically identical
results. Missing the “average behavior” for the few weavings here and there is inconsequential as it disappears in
the ensemble statistics from multiple IDA curves. This led to the selection of the first (i.e., lowest) IM point
appearing along the vertical, on the justification of seeking the first exceedance of a given EDP threshold, or the
earliest appearance of the associated damage [1]. However, for the case of rocking blocks, the aforementioned
frequent weaving behavior of the IDAs obviously complicates the inversion, as any bias in the process is replicated
along nearly all ground motions and ends up severely impacting the resulting distributions.

Thus, a decision for the IM point that will be used for the inversion is needed. As Figure 3b shows, this choice is
not trivial. The first/last-point techniques clearly bracket all other choices. They also produce by definition a
monotone f~t, which is a desirable mathematical property as it allows a reciprocal re-inversion of the proxy
function, and a complete replacement of the initial IDA curve. Of course, both of these choices are clearly biased,
as they produce extreme lows or extreme highs, misrepresenting the original f. For example, selecting the median
(i.e. the second point in Figure 3a) or the mean of the intersection points (termed median/mean-point techniques,
respectively) may offer an IDA curve that better matches the mid-point of all weaves; at the same time these
techniques deliver some deviations from a desirable monotonicity. Whether any of these imperfect approaches
will produce fragility-matching distributions is a question that remains to be answered.
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Figure 3. a) IM|EDP versus EDP|IM for a weaving rocking IDA curve, b) Different techniques for the inversion
of the weaving IDA curve, comparing the first/median/mean/last-point choices.

2.3 Discretization and resolution

Statistics of IDA results (and in general of any random quantity) will depend on the number of the records (or
samples) that is employed. Better, i.e., more efficient IMs [31-34] will, by definition, reduce the uncertainty in
estimating response fractiles for a given system and number of records. Setting an acceptable level of uncertainty
depends on the application at hand, with accurate assessment of the dispersion requiring more records relative to
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the median or the mean. For example, Vamvatsikos and Cornell [2] have generally used 20 to 30 records for
hysteretic systems, while Eads et. al [37] have argued that even using 274 records is not adequate to deliver robust
results for the tails of the collapse fragility for a hysteretic structural system.

——Trinidad 1980
——Northridge 1994
——Chi-Chi 1999

0 0.2 0.4 0.6 0.8 1
0 Ja

(a) 3 ordinary records

1.5 151 set 1 >
----set2 - 0
esets] T 16%
= 1 16% . 1r
C C
< <
10 10
a a 50%
05 1 50% 05
84% 84%
0 ; : ; . 0 : : ; :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
la 0 _la
max max
(b) 3 sets of 10 records (c) 3 sets of 40 records
1.5 set 1 7 1.5 set1 ____'_J'_-:- """""" 16%
s
---set2 ---set2 =3
et A 16% = =
-— i‘:h
=3
= 17 ~ 1r s
C) C &
< < ==
10 = 0]
a 2 a — 50%
051 ET 05+ £ =7
T e n e 84% 7 e ooooes 84%
0 : : : : 0 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
0 _Ja 0 _la
max max
(d) 3 sets of 70 records (e) 2 sets of 105 records

Figure 4. a) IDA curves for 3 ordinary records, versus 16/50/84% IDA EDP|IM fractiles for b) 3 sets of 10 ordinary
records, ¢) 3 sets of 40 ordinary records, d) 3 sets of 80 ordinary records, €) 2 sets of 105 ordinary records.

For the case of a rocking block, the higher intrinsic record-to-record variability (Figure 4a) vis-a-vis hysteretic
systems can only lead to the use of more ground motions to achieve similar levels of fidelity. Figures 4b-4e present
the 16/50/84% EDP|IM quantiles for different sets of 10, 40, 70 and 105 ordinary ground motions, respectively.
To ensure the fidelity of the investigation, different records have been employed in sets of the same size. Evidently,
10 records are a totally inefficient choice for the case of the rocking IDA leading to significant differences among
sets both for the median as well as the dispersion. When increasing the number of records to 40 and above,
differences in the median estimate between sets of the same size are significantly reduced. Actually, even different-
size sets produce relatively similar median estimates. Still, the 84% and especially the 16% EDP|IM quantile do
register non-negligible differences among sets of size 40 or 70 for relatively high EDP levels (6 > 0.40).
Consequently, the dispersion will maintain some uncertainty in this region of response with such moderate sample
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sizes. Finally, for the case of 105 records (Figure 4e), differences are all but eliminated for all the quantiles and
the full range of response in the two sets sampled. Evidently, when investigating the rocking of a planar rigid body,
40-50 records seem to be a reasonable lower limit that can deliver an adequate level of accuracy for practical
purposes. Still, the higher the number of the ground motions employed, the lower the dependence on individual
IDA curves, and consequently the higher the fidelity of the results.

While having at least 40 records may resolve the issue of global bias by sufficiently stabilizing medians and
dispersions, the weaving behavior of individual IDAs becomes another issue that can degrade the local fidelity of
moderate-size record sets. Figure 4a, presents rocking IDAs for three different records, disregarding any
resurrections. The highly weaving behavior is present in all cases. Contrarily, when looking at the summarized
quantities (e.g., quantiles) of multiple records (Figure 4b-4e), residual weavings are smoothened down, with the
increase in the number of records accelerating this effect. Large-scale weaves disappear first, however, even for
the case of 105 records, some high frequency “noise” remains in the fractile estimates. One way to remove it is to
employ a significantly higher number of records, e.g., of the order of 500 or 1000. However, this solution comes
with obvious costs. Instead, the use of a monotone spline smoother [38, 39] is proposed as a more efficient way to
sharpen the IDA fractiles without increasing the computational effort. Figure 5 illustrates the application of a
monotone spline smoother to the median IDAs for one set of 40 records and another of 70 that also appear in
Figures 4c and 4d, respectively. More aggressive smoothing can be employed for the set of 40, as large-scale
weavings are present (Figure 5a). Less smoothing is required for the median of 70 records, since only some high
frequency “noise” needs to be dampened out (Figure 5b). In the end, smoothing is not a panacea, as it will never
make a smaller set equivalent to a larger one, but it will certainly improve the fidelity of both.

The number of the runs per record also affects the fidelity. More runs per record will lead to smaller steps that will
obviously improve the resolution per IDA curve, mapping out weaves, discovering any resurrections, and
bracketing islands of stability. At the same time, the number of runs is antagonistic to the number of records that
can be employed for a given computational budget. Thus, one needs to find a balance between the two.
Furthermore, arranging the selected budget of runs along an IDA curve is another non-negligible problem. Whereas
the variable step hunt&fill algorithm [2] has obvious advantages for hysteretic systems, it may sometimes lead to
large unexplored areas for rocking IDAs. Thus, a constant-size stepping scheme tends to be a simpler and better
proposition. For example, to perfectly map out the IDAs in Figures 4-5, a constant step of 0.01 g is employed in
terms of PGA. This allows the full investigation of the weaving behavior of individual rocking IDAs, while costing
us 30-80 runs per each of the three records appearing in Figure 4a. Whether such level of detail is needed outside
academic investigations is an interesting question, especially when weighed against the aforementioned needs to
smoothen out weaves and employ large numbers of ground motions.

- - =50% EDP|IM for 40 records set 2| |
monotone smoothing

- - =50% EDP|IM for 70 records set 2| |
monotone smoothing
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max max
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Figure 5. Monotone smoothing of the 50% EDP|IM IDA fractile, for sets of (a) 40 ordinary records, and (b) 70
ordinary records.

3 CASE STUDIES AND INVESTIGATION OF OPTIONS

3.1 Blocks under investigation and analysis approach

To better illustrate the aforementioned issues, and the effect of analyst choices on the estimation of seismic
response, three typical two-dimensional rectangular rigid rocking blocks are employed, indicated as C1 to C3.
Table 1 illustrates their salient characteristics: Base width 2b, total height 2h, stability angle (also appearing in the
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literature as slenderness) a = tan™*(b/h), half diagonal R = Vb2 + h2, frequency parameter p = ,/3g/(4R), and
the coefficient of restitution that represents the energy loss per impact during the rocking response, n =1 —
(3/2)(sin a)? [6]. The three blocks represent simplified planar models of ancient monolithic columns of different
slenderness. Of the three, column C2 resembles a semi-slender free-standing column of the Temple of Aphaia in
Aegina, Greece. The dimensions of the other two columns have been selected to represent an arbitrary slender
column (C1) and a semi-stocky one (C3).

Table 1. Block characteristics.

Block 2b (m) 2h (m) a (rad) R (m) p(s?) n
C1l 1.33 12.00 0.1104 6.04 1.1040 0.98
Cc2 0.95 5.29 0.1777 2.69 1.6546 0.95
C3 1.00 4.00 0.2450 2.06 1.8892 0.91

For the analysis, 105 ordinary no-long-duration, no-pulse-like, firm-soil ground motions were used; they were
selected from the PEER database [40, 41] from events with moment magnitude of My, > 6.2, having PGA > 0.14q.
For the analysis, the scripts of Vassiliou [42] were employed. One horizontal component was arbitrarily-selected
from each recording, employing its PGA as the IM, and the peak rocking angle normalized by slenderness of the
block, 8, as EDP. The former may not be the most efficient IM throughout the entire range of rocking response
[e.g., 43, 44]; still, this makes little difference for the discussion that we intend to offer.

A constant step of 0.01 g was employed, starting from the first integer multiplier that exceeded the onset of rocking,
i.e., PGA =~ gtana, and incrementing up to an upper limit of 3.50 g to explore the full rocking response, including
at least one overturning point (6 > 1.00) for nearly all (more than 95%) ground motions, plus any resurrections.
Sliding was disregarded, assuming that the coefficient of friction is high enough to ensure pure planar rocking
response. Figures 6a—c present the 105 IDA curves of the three columns, excluding all resurrections after the first
(nominal) overturn for illustrative reasons. Highly weaving behavior and significant record-to-record variability
are the norm. Actually, the latter is so high that a small number of records (fewer than 5%) fail to achieve
overturning even for the extreme value of PGA = 3.50 g.

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

emax/q emax/a X
(a) C1 (b) C2 (c) C3

Figure 6. IDA curves for blocks C1—-C3, without the inclusion of resurrections, still showing a wide range of
weaving behaviors.

3.2 The effect of the inversion techniques

The IDA functional inversion techniques of first/last/mean/median point that were discussed in Section 2.2 are
tested herein regarding the resulting statistical estimations. At this stage, the resurrections are disregarded, whereas
their effect on the estimations is investigated in the next section. The comparison starts from the median IDA
quantiles. Specifically, median IDAs that are calculated on the EDP|IM basis, requiring no inversion, are compared
against the IM|EDP inverted basis results. Figure 7 shows the resulting median IDA for the three columns under
investigation. As illustrated, the median and mean-point approaches produce IM|EDP medians that are close to the
EDP|IM ones. On the other hand, taking the first/last-point path leads to notable differences and clearly biased
median estimates. However, none of the inversion assumptions leads to inverted (IM|EDP) medians that perfectly
match the given IM ones. To better assess the effect of the inversion techniques, a quantification of the relative
bias for the different given EDP medians versus the standard of the given IM median is employed. First, a
monotone smoother [38, 39] is applied to the comparison basis of the EDP|IM 50% curve, removing all weaves



and turning it into a one-to-one function; this can be readily inverted to produce a single value of PGA that
corresponds to any given value of median 8, denoted as PGA |(s,,, = 6) Note that, strictly speaking, this cannot
be claimed to be the median PGA|8, but it certainly is what we would expect it to look like based on the expected
correspondence of inverted IDA medians. Since it is this correspondence that we are trying to restore with our
postprocessing, it makes sense to employ the smoothed PGA | (854, = 6) as our comparison basis. Then, for the
j-th value of 8 from the 1000 selected within [0,1], the relative bias for the i-th inversion technique is calculated
as:

. PGAsqy, | 8 for technique i ) (1)
ias; ; = —~ — -

" pGA |(B50y, = 67) for the smoothed EDP|IM
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0.6

50% EDP|IM 50% EDP|IM

= = =50% EDP|IM smoothed
——50% IM|EDP "first"
——50% IM|EDP "median"
——50% IM|EDP "mean"

= = =50% EDP|IM smoothed
——50% IM|EDP "first"
——50% IM|EDP "median"
——50% IM|EDP "mean"

——50% IM|EDP "last" 50% IM|EDP "last"

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
0 _Ja 0 _Ja

max max

(@C1 (b) C2

0.8r
c
< 061
)
o 50% EDP|IM
04F - = =50% EDP|IM smoothed |

——50% IM|EDP "first"
——50% IM|EDP "median"
0.2y ——50% IM|IEDP "mean” | |
50% IM|EDP "last"

0 0.2 0.4 0.6 0.8 1

Ja
max

(c) C3
Figure 7. Median IDA curves estimated for 105 records via smoothed and raw EDP|IM results versus the four
inversion techniques of first/median/mean/last point.

Figure 8 presents the bias in the median calculated via Eq. (1). As shown, the median/mean-point techniques
produce similarly low bias, less than 0.10, for all the columns; the only exception appears for Cl at§ ~ 0.32 - 0.37
where a spike reaching 0.20 is captured. This low bias makes these two techniques into fairly robust inversion
tools, with the median-point assumption being considered slightly more reliable since is not affected by the
inclusion of potentially extreme values. As expected, excessive relative bias is calculated for the first-point and
especially for the last-point inversion techniques, with the latter sometimes exceeding 0.30 for C1 and C2. Note
that, regardless of the inversion technique, any non-zero bias in Figure 8 is found for 8 ~ 0.05-0.70, at least when
neglecting resurrections, as done herein. Naturally, for the model at hand, there is practically no bias for
“deterministic” rocking initiation, at PGA =~ g tana, or roughly < 0.05. Similarly, near-zero bias is also captured
for the near overturn area, or > 0.70, since IDA curves reach their flatline at the first overturn occurrence (again
when neglecting resurrections) and no weavings appear from this point on.
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Figure 8. Bias per Eq. (1) of the median IM|EDP estimated for the three case study blocks via the four inversion
techniques of first/median/mean/last point vis-a-vis the smoothed median EDP|IM.

Now the comparison turns into the record-to-record dispersion for the three columns. For the inverted IDA curves,
dispersion is calculated as the standard deviation of the natural logarithm of the k = 1...105 values of PGA* (i.e.,
one per each of N = 105 records) estimated for each of j = 1...1000 8/ points:

1 i 12
Bi= v gzl[“l]nPGA — In(PGA®) | @

where sznpaA is the log-mean of 105 IM values corresponding to 7. For the EDP|IM curves, the equivalent

dispersion given the 7 value can only be approximated from the smoothed EDP|IM 16% and 84% quantiles via a
lognormal assumption, as smoothing is not implemented on individual IDA curves, only on summarized ones:

r 1 5 5 5 5j
Bi ~ - [In(PGA |(616y = 87)) — In(PGA | (Bga9 = 67)] ©))
To even the scales, the same lognormal assumption approximation for the IM|EDP data would lead to an alternative
of Eq. (2) that at least conforms to the basis as Eq. (3):

Bj ~ 2 [In(PGAgas, 107) — In(PGAyq0, 167)] “)

Figure 9 compares the results of Eq. (2) and (3). First of all, the taller and lower-a block C1 has higher record-to-
record dispersion vis-a-vis C2 and C3. This observation complies with the size-slenderness effects as they have
been proposed by Housner [6] and investigated in detail by Makris and Kampas [45]. Still, in all cases dispersion
is equal to zero at the initiation of rocking when PGA is employed as an IM due to the deterministic definition of
the rocking initiation in terms of PGA. Then, in all cases a gradual increase follows until a final plateau of
maximum dispersion is reached near overturning (6 > 0.70). This is expected as PGA is efficient at the onset of
rocking but becomes highly problematic close to overturning. Looking at the different inversion options, the
median/mean-point techniques seem to better approximate the dispersion of the smoothed given-IM results. Some
mismatches do appear, yet they are confined to relatively high dispersions where their magnitude can be considered
acceptable. As expected, the first and last-point results bracket the mean/median-point ones, clearly introducing
unneeded bias. These trends are also confirmed in Figure 10, which compares the estimates of Eq. (3) and (4),
which are produced on an even basis of a lognormal assumption. Therein, even the small differences captured in
Figure 9 for the mean/median-point curves tend to disappear, further supporting their validity.
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Figure 9. The dispersion from the smoothed 16/84% EDP|IM quantiles via Eq. (3) is compared against the
dispersion of the IM|EDP IDAs per Eq. (2) via the inversion techniques of first/median/mean/last point.
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dispersion of the IM|EDP IDAs per Eq. (4) for the inversion techniques of first/median/mean/last point.
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Figure 11. 16/50/84% IDA quantiles with resurrections (RS) versus without for 105 records and three columns.
The influence is mainly isolated to the higher response and intensity levels. The 16% and 84% labels refer to the
IM|EDP quantiles, which correspond to the 84% and 16% EDP|IM ones, respectively. The label 50% refers to the
median quantiles of both the IM|EDP and EDP|IM cases.

3.3 The effect of resurrection points

As already discussed, the resurrections are a relatively frequent phenomenon for rocking blocks. Understanding
the effect of including versus neglecting them on response distributions produced by IDA (or actually any other
approach) is of interest. Figure 11 presents the 16/50/84% IDA quantiles for columns C1-C3, calculated with
resurrections (denoted by “RS”) versus without. Specifically, the EDP|IM as well as the median-point IM|EDP
quantiles are provided. In all cases, only marginal differences are shown for § < 0.60 for the 16/50% IM|EDP
quantiles, and 8 < 0.40 for the 84% IM|EDP quantiles. Contrarily, non-negligible differences are found for higher
values of rocking response until the overturn (8 ~ 1.00), especially for the 50% and 84% IM|EDP fractiles. These
findings confirm our earlier observations on single record IDA, confining the influence of resurrections to the
near-overturning area, where idealized models may become less reliable for structures and elements of engineering
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significance. Thus, as discussed in Section 2.1 the inclusion of the resurrections into the analysis should be
considered in tandem with the structure and model that are being investigated. Still, this only needs to be done
when near-overturning responses are of interest. In all other cases, resurrections can safely be ignored without
adverse consequences for the fidelity of the analysis.

Now, the comparison turns into the fragility functions as they are calculated with and without the inclusion of the
resurrection points. For the fragility calculations both the horizontal and the vertical statistics methods [36] were
employed. In general, the two methods yield near-identical fragility functions for the hysteretic structural systems
[36]. Specifically, we calculate the probability P(D > C|IM) of the seismic demand, D, exceeding the limit-state-
specific EDP capacity threshold, C, given the IM value. For the EDP-basis approach (horizontal statistics) [36] the
raw IDA curves were used, while for the IM-basis estimation (vertical statistics), the nearly-unbiased median-
point and the relatively conservative first-point technique are employed. Of the two, the latter is unaffected from
any resurrections, since it always captures the lowest point that is found along the vertical.

Figure 12 presents the empirical cumulative distribution functions (CDFs) defining the fragility for three different
6 levels of block C1. For the low 8 = 0.15 threshold of Figure 12a, the fragilities are hardly affected by
including/neglecting resurrections regardless of the method employed. Only the first-point technique leads to
somewhat conservative results (i.e., shifted to the left), a trend that becomes intensified at higher 8 thresholds, as
expected. When going to 8 = 0.50 in Figure 12b, the effect of resurrections remains marginal for the EDP-basis
approach (horizontal statistics) whereas it becomes noticeable on an IM-basis (vertical statistics), even when using
the median-point technique. Still, differences up to this level of rocking response are generally low. Contrarily, for
the overturning fragility function (Figure 12c), further differences appear. First of all, the overturning fragilities
are identical for both the horizontal and vertical statistics when resurrections are neglected, since a single point at
the unique flatline defines overturning. Including resurrections shifts the fragilities to the right, improving the
estimated performance of the system; this fully conforms with our earlier observations about the influence of
resurrections at high response levels.
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Figure 12. EDP-basis (horiz. stats) and IM-basis (vert. stats) empirical CDF fragility curves at predefined EDP
capacity levels for block C1 from analysis with resurrections (RS) and without them for 105 ordinary records and
three different response thresholds. A small shift has been introduced in (a) and (c) to visually separate coinciding
curves.
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Beyond just comparing the magnitude of different fragilities, Figure 12 offers information on their morphology as
produced by each different method. First of all, the IM-basis estimates (vertical statistics) are always monotone
functions by construction: They are empirical CDFs of the 105 discrete IM points (one point per record)
corresponding to the given @ threshold. This monotonicity is a desirable attribute that is not present for horizontal
statistics curves due to the high weaving behavior of the IDAs. Since these are not produced as a single function,
but rather as an aggregation of P(D > C|IM) values, one per IM level considered, they are vulnerable to the highly
weaving nature of IDAs. Thus, high frequency “noise” appears, both when including and neglecting resurrections.
The only exception is the case of the overturning fragility when resurrections are ignored, and there is no chance
for a lower response to be registered at a higher IM for any IDA. Moreover, when using a smaller set of ground
motions this “noise” is naturally amplified, as shown in Figures 13a—b for two EDP thresholds and 40 records.
Restoring monotonicity by removing the high frequency “noise” makes sense, similarly to the case of the EDP|IM
quantiles. It restores mathematical/theoretical consistency, while at the same time it reduces the need to run large
record sets. To this end, a monotone spline smoother can be employed, similarly to Section 2.2. For instance,
Figure 14 compares the three fragility functions for column C1 estimated via horizontal statistics against their
smoothened versions; the latter are clearly closer to what we would expect a fragility to look like.
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Figure 14. EDP-basis (horiz. stats) empirical CDF fragility curves for block C1 including resurrections for 40
ordinary records and three EDP thresholds: Raw “noisy” curves versus smoothened ones.

3.4 The effect of the number of runs per record
For all analyses shown so far, a computationally-expensive high-resolution approach has been employed utilizing
a constant step of 0.01 g that can easily lead to hundreds of runs per record, even if one only wants to reach the

first overturning IM. This was a conscious decision to ensure the fidelity of the results by capturing “all” weavings
and block resurrections. Such a detailed study is not essential for practical purposes, which begs the question of
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how far one can relax the fidelity requirements (i.e., increase the step size) to save on the number of analyses. For
the comparison, the full initial analysis up to PGA = 3.50 g at a 0.01 g step is used as a benchmark, gradually
removing runs to produce sets corresponding to constant steps of 0.02 g, 0.03 g, 0.05 g and 0.10 g. To ensure that
at least one non-overturning point is always included in the results, removal of runs was initiated after the first
rocking response point, i.e., the one that is closest to PGA = g tana. For both the initial and the new sets, all results
above the first overturning point were discarded, wherever this was encountered in the simulated analysis series.
In other words, coarser runs easily missed low-1M overturning points, resulting to artificially high estimates of the
first occurrence of overturning.

Figure 15 compares the results of the different step-size strategies for the example of block C2. Figure 15a captures
the given IM medians, whereas Figures 15b and 15c the given EDP ones, for the median and first-point techniques,
respectively. Larger steps tend to push the median to higher IM levels, a trend that is noticeable mainly close to
overturning > 0.60 for the 0.05 g and 0.10 g step cases, with the results being marginally worse for the first-
point technique. This overall trend is consistent to missing some lower overturning points when using larger steps,
thus inflating the median estimate. However, no excessive differences are present in any example. This is further
confirmed for the given EDP dispersion, g, as calculated via Eq. (2) for the median-point technique in Figure 15d.
The results are near identical for all step sizes up to 0.05 g, whereas somewhat higher dispersion is captured for
the 0.10 g step for § > 0.40. Consequently, steps up to 0.05 g or even up to 0.10 g seem to be efficient alternatives
for practical purposes when a large record set is employed. Larger steps are not recommended, at least for the
simple rocking blocks investigated, due the high nonlinearity of the rocking response in association with the strong
dependence on the waveform of the ground motion that may lead to deficient IDAs.
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Figure 15. The effect of step size (or number of runs per record) for block C2, shown for the median EDP|IM and
IM|EDP curves, as well as the given-EDP dispersions. In all cases, the differences are low enough to support the
use of larger steps when determining response distributions and fragilities.

13



4 CONCLUSIONS

Incremental Dynamic Analysis is a valid approach for evaluating the seismic response of rigid rocking blocks. Its
application, though, needs to account for the unconventional nature of rocking response, displaying multiple
resurrection points and heavily weaving behaviors that defy intuition gained from hysteretic systems.

— When encountering resurrections, including or neglecting them is a choice that should be made in
consideration of the application, the system and the model employed. Still, this only affects near-overturning
response, allowing us to discard resurrections when losses appear at lower levels of response.

— Inverting IDA curves to recover quantiles of intensity given a level of response (as it pertains to the estimation
of fragilities), is not a well-defined operation as multiple corresponding intensity values are frequently
encountered. Selecting the median value is a nearly unbiased strategy that closely matches the quantiles of
response given intensity.

— Smoothing, e.g., via a monotone spline smoother is a useful approach to remove residual “noise” from
weaving that would otherwise degrade the quality of quantile results and fragility estimates produced from
moderate-size record sets. This allows the use of fewer records with low consequences.

— Increasing the step size (and reducing the number of runs per record) can be done within reason, especially if
a large number of records is employed to reduce the effect of missing low intensity overturning points.

While only planar rigid blocks undergoing pure rocking have been investigated, the findings are applicable to any
structural system with highly weaving, highly variable behavior, offering a blueprint for applications well beyond
the narrow range of the examples presented.
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